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Abstract

Data setswith a large numberof nominal variables,somewith
high cardinality, arebecomingincreasinglycommonandneedto
beexplored. Unfortunately, mostexisting visualexplorationdis-
playsaredesignedto handlenumericvariablesonly. Whenim-
portingdatasetswith nominalvaluesinto suchvisualizationtools,
mostsolutionsto datearerathersimplistic.Often,techniquesthat
map nominal valuesto numbersdo not assignorder or spacing
amongthevaluesin amannerthatconveyssemanticrelationships.
Moreover, displaysdesignedfor nominalvariablesusuallycannot
handlehigh cardinalityvariableswell. This paperaddressesthe
problemof how to displaynominalvariablesin general-purpose
visual explorationtools designedfor numericvariables.Speci�-
cally, we investigate(1) how to assignorderandspacingamong
the nominal values,and (2) how to reducethe numberof dis-
tinct valuesto display. We proposethatnominalvariablesbepre-
processedusing a Distance-Quanti�cation-Classing(DQC) ap-
proach beforebeingimportedinto avisualexplorationtool. In the
DistanceStep,we identify a setof independentdimensionsthat
canbeusedto calculatethedistancebetweennominalvalues.In
the Quanti�cation Step,we usethe independentdimensionsand
the distanceinformation to assignorder andspacingamongthe
nominalvalues.In theClassingStep,we useresultsfrom thepre-
viousstepsto determinewhichvalueswithin avariablearesimilar
to eachotherandthuscanbegroupedtogether. Eachstepin the
DQC approachcanbe accomplishedby a variety of techniques.
WeextendedtheXmdvTool packageto incorporatethisapproach.
We evaluatedour approachon severaldatasetsusinga varietyof
evaluationmeasures.

Keywords: Nominal data,visualization,dimensionreduction,
correspondenceanalysis,quanti�cation,clustering,classing.

1 Intr oduction

Nominal (or categorical) variablesarevariableswhosevaluesdo
not have a naturalorderingor distance. High cardinalitynomi-
nal variables(i.e., thosewith a large numberof distinct values)
arecommonin real-world datasets. Examplesof high cardinal-
ity nominalvariablesincludeproductcodes,speciesnames,and
countrynames.Nominal variablesarecommonlyfound, for ex-
ample,in survey datafrom socialandbiologicalsciences.

Visualizationprovides an ef�cient and interactive way of ex-
ploring high dimensionaldata[20]. Unfortunately, nominalvari-
ables,especiallyhighcardinalitynominalvariables,poseaserious
challengefor datavisualizationtool developers.Dif �culties arise
dueto severalreasons.
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First, visualizationmethodsspeci�cally designedfor nominal
dataarenotascommonlyusedasthosedesignedfor numericdata
[6]. Possiblereasonsinclude: (1) They tendto be morespecial-
purpose(e.g., MosaicDisplays[6] aredesignedfor discovering
associationswhereasParallel Coordinates[9], which arefor nu-
meric variables,canbe usedfor exploring outliers,clusters,and
associations).(2) MethodssuchastheFourfold Display [6] can-
not handlemultiple nominalvariables. (3) Methodssuchas the
MosaicDisplaycannothandlehigh cardinalityvariableswell. (4)
Most methodsarenot readily available in commonvisualization
software[6].

Second,mostvisualizationsoftwarepackagesonly providedis-
plays that are designedfor numericvariables. Reasonsfor this
include: (1) Datasetshave traditionally containedonly numeric
data.(2) Numericdisplaysaremoregeneral-purpose.(3) Thein-
herentorderandspacingamongnumericvaluesmakesit natural
to convey notionssuchasmagnitudeandsimilarity.

Oneway to displaynominalvariablesusingnumericdisplays
is to mapthenominalvaluesto numbers,i.e.,assigningorderand
spacingto thenominalvalues.DisplaymethodssuchasParallel
Coordinates(Figure1) requirebothorderandspacingamongval-
ues.But caremustbetaken. Blindly castingnominalvaluesinto
numericdisplaysmayintroducearti�cial patternsandcauseerrors
in theinterpretationof thevisualization[19]. Existingnominal-to-
numericmappingtechniquesdo not alwaysassignbothorderand
spacingto thevalues.For example,Ma et.al.'stechnique[13] only
assignsorderto the nominalvalues,but not spacing.As a moti-
vatingexampleof theneedfor orderandspacing,referto Figures
1 and2 which both display the quality, color andsize informa-
tion of 6550objects(from a syntheticdataset).Figure1 givesan
exampleof a displaywherenominalvalueswereassignedorder
and spacingusing our DQC approach,whereasFigure 2 shows
alphabeticalorderinganduniform spacingof thenominalvalues.
Figure1 revealsthatblueandpurpleobjectshavesimilarunderly-
ing distributionsfor qualityandsize.Suchinformationis dif�cult
to extractfrom Figure2.

This paperaddressesthe problemof how to displaydatasets
with a largenumberof nominalvariables,somewith high cardi-
nality, in visualexplorationtoolsdesignedfor numericvariables.
Speci�cally, we addresstwo sub-problems:

� How dowemapnominalvaluesto numberssuchthatweef-
fectively assignorderanddistanceamongthevalues?Order
is usedto positionvaluesalonganaxis,wheretheadjacency
of valuessuggestssimilarity. Distanceis usedto spacethe
valuesalongthataxis. Theamountof spacingsuggeststhe
degreeof similarity amongvalues,makingit easierto spot
clustersaswell asoutliers.

� Whena variablehasmany values,how do we groupsimi-
lar valuestogetherto reducethe numberof distinct values



Figure1: ParallelCoordinates
with FCA Quanti�cation.

Figure2: ParallelCoordinates
with Arbitrary Quanti�cation.

to display? Reducingthecardinalityis neededfor displays
suchasDimensionalStacking[12] andTrellis Displays[3]
whicharelimited by thenumberof valuesthey candisplay.

Wealsowantoursolutionto have thefollowing features:data-
driven(notrelyingondomainknowledge),multivariate(usingthe
relationshipof a nominalvariablewith several othervariablesto
decidetheordering,spacingandclassingof thevalues),scalable
(canwork with alargenumberof variables,possiblywith highcar-
dinality, andusinglimited memory),distance-preserving(thedis-
tancebetweentwo nominalvaluesin nominalspaceis preserved
in numericspace),association-preserving(nominalvariablesthat
arehighly associatedin nominalspacearealsohighly correlated
in numericspace),andaccessible(readily availableto dataana-
lysts). To our knowledge,no solutionexists thathasall of these
features(this is furtherdiscussedin Section2).

To solve this problem,we proposethat nominal variablesbe
pre-processedusing a Distance-Quanti�cation-Classing(DQC)
approach beforebeingimportedinto visualexplorationtoolsde-
signedfor numericvariables.In theDistanceStep, we transform
the dataandsearchfor a setof independentdimensionsthat can
be usedto calculatethe distancebetweennominal values. This
distanceis basedon eachvalue's distribution acrossseveralother
nominalvariables.In theQuanti�cation Step, weassignorderand
spacingamongthe nominal valuesbasedon the distanceinfor-
mation.In theClassingStep, we determinewhichvalueswithin a
variablearesimilarto eachotherandthuscanbegroupedtogether.
Eachof thesethreestepscanbe accomplishedby morethanone
techniqueaswe will show in Sections4 to 6.

We implementedthe DQC approachin XmdvTool, a public-
domainvisualizationpackagedevelopedat WPI [21]. For the
DistanceStep,we implementedandevaluatedtwo alternatives–
thewell-establishedtechniqueof Multiple CorrespondenceAnal-
ysis (MCA) [8] from Statisticsandour own FocusedCorrespon-
denceAnalysis(FCA) which we describein this paper. FCA is
ourproposedalternativeto MCA whenmemoryis limited. For the
Quanti�cation Step,we useda modi�cation of theOptimalScal-
ing technique[8] to alsomake it work for datasetswith perfectly
associatedvariables.For theClassingStep,weusedaHierarchical
Clusteringalgorithm[10] sowecanperformmultivariateclassing
(usinginformationfrom severalvariablesto guidetheclassing).

To testour ideas,we pre-processedseveral datasetsusingthe
DQC approachandusednumericdisplayssuchasParallelCoor-
dinatesto evaluatetheusefulnessof thequanti�ed versionsof the
nominalvariables.We comparedMCA, FCA andarbitraryquan-
ti�cation usinga wide rangeof evaluationmeasuressuchastime,
memory, quality of quanti�cation,quality of classing,andquality
of visualdisplay.

Theremainderof this paperis organizedasfollows. Section2
brie�y describesrelatedwork. Section3 givesanoverview of the
entireapproach,while Sections4 to 6 give detailsfor eachstepof
theDQC approach.Section7 presentsempiricalresults.Section
8 summarizesour resultsandlists possiblefuturedirections.

2 Related Work

Visualizing Nominal Variab les: There are several ap-
proachesto visualizingnominalvariables.Onecanusedisplays
that are speci�cally designedfor nominal variables: sieve dia-
grams[6], mosaicdisplays[6], mapsfrom CorrespondenceAnal-
ysis [8], fourfold displays[6], treemaps[11], dimensionalstack-
ing [12] andCatTrees[11]. Unfortunately, theseapproachesare
eitherspecial-purpose,not readilyavailablein commondataanal-
ysissoftware[6], or cannothandlehigh cardinalitynominalvari-
ableswell.

Othershave mappednominal valuesto numbersusing some
orderingtechniqueand equalspacingbetweenvalues,and then
displayedthemusingnumericdisplays.Orderingtechniqueshave
rangedfrom arbitraryordering(e.g.,alphabeticalorder),ordering
basedon thevalueof anothervariable[20] (e.g.,time), ordering
basedondomainexpertise[13], to moreintelligentorderingtech-
niques(e.g.,constructingnaturalclusters[13]). Unfortunately, ar-
bitrary orderingoftencreatesarti�cial patternswhich canleadto
wrong conclusions.Furthermore,equalspacingdoesnot convey
thedegreeof similarity betweennominalvalues.

Correspondence Anal ysis: There have been several re-
searchefforts on CorrespondenceAnalysis (CA) that have pro-
videdideasfor our research.Friendly[5] suggestedusingtheco-
ordinatesfrom the �rst CA principal axis to order the valuesof
nominalvariablesin mosaicdisplaysto reveal the patternof as-
sociation.Greenacre[8] proposedusingthecoordinatesfrom the
�rst CA principal axis as input to createa classingtree. In this
tree,the nominalvaluesaregroupedtogetherusingreductionin
inertia to representlossof information. Greenacre[8] alsosug-
gestedtheuseof quanti�ed versionsof nominalvariablesasinput
to statisticaltechniquesthatrequirenumericvariablessuchasre-
gression.The SPSSCategoriespackageusesCA to pre-process
datafor their Categorical RegressionmoduleandusesCA maps
for visualizingnominalvariables[14]. Theseusesof thecoordi-
natesof the �rst CA principal axis seemto be dueto the theory
of Optimal Scaling,that statesthat thesecoordinatesprovide an
optimalnumericrepresentationof thenominalvalues[8]. Unfor-
tunately, when the nominal variableis perfectlyassociatedwith
anothernominalvariable,suchcoordinatesarenotoptimal,aswe
will show later.

Milaneseet. al. [16] usedCA andclusteringto groupsimilar
imagesandcreateda hierarchicaltreefor usein fastindexing into
classesof images.This is similar to our approachin thatwe also
useCA asa datareductiontechniqueanduseclusteringto group
similarnominalvaluestogether.

Classing: There are several approachesto grouping similar
nominalvaluestogether. Onecoulduseexpertknowledgebut this
canbe tediousfor high cardinalitynominalvariables(e.g. mer-
chantcodes).Onecoulduseinformationaboutthenominalvari-
ableitself (e.g.,basedon the frequency of occurrenceof theval-
ues,thevaluescanbegroupedinto popular, averageor rareoccur-
rence).Or, onecouldusetherelationshipof thenominalvariable
with a targetclassi�cationor regressionvariable[15] (e.g.,group



Figure3: DQC Approach

citiesbasedon incomelevel). But usingonly onespeci�c variable
to guidetheclassing(univariateclassing) mayresultin aclassing
that is believableonly within thecontext of that speci�c variable
(e.g.,if wegroupcitiesbasedon incomelevel alone,wemayhave
to regroup cities if we want to visualizetheir relationshipwith
land area).A betterclassingapproachis to useseveral variables
to guidethe classingof a target variable(multivariateclassing).
OnemultivariateclassingapproachappliesClustering[10] on a
datasetwherethe recordsrepresentthe nominalvaluesand the
variablescontainsummaryinformationabouteachnominalvalue.
Weusethisclusteringapproachfor ourClassingStep(Section6).

3 Overview of Proposed Appr oach

Our proposedapproach,theDistance-Quanti�cation-Classingap-
proach,consistsof threesteps(Figure3). Eachstepcanbeaccom-
plishedby morethanonetechnique.In this section,we describe
theinput,outputandpurposeof eachstep.In thesucceedingsec-
tions,wediscusspossibletechniquesfor eachstep.

Step 1: Distance Step – Givena datasetwith nominalvari-
ables,oneof which is the nominalvariableto be quanti�ed and
classed.The purposeof this stepis to createa tablewherethe
rowsrepresentthevaluesof thenominalvariableandthecolumns
representinformationabouttheothervariablesin thedataset.For
this table to be useful for the Quanti�cation andClassingsteps,
we shouldbeableto calculatethedistancebetweentwo nominal
valuesfrom this table.

To explain this better, considera dataset that containsqual-
ity, color andsizeinformationfor 6550objects.Quality hasthree
possiblevalues– good,ok,bad;colorhassix values– blue,green,
orange,purple, red, white; and size hasten values– 'a' to 'j'.
Supposewe want to analyzecolor (which we shallcall our target
variable) usingquality andsize(which we shallcall our analysis
variables). To analyzecolor, we look at thedistributionof its val-
ueswith respectto the analysisvariablesusinga contingency or
countstable(Figure4). From the countstable,we cancalculate
row percentages(Figure5) andgeta glimpseof which colorsare
similar to eachotherbasedon row pro�les; Figure5 shows that
blueandpurplehave similar row pro�les. Fromtherow percent-
agetable,we may be temptedto calculatethe distancebetween
two rows usingEuclideanDistanceformula; however, thereare
two row percentagetablesfor color (colorby qualityandcolorby
size). The techniqueto be usedfor this stepmusthave a way to
combineall thecolumnsof all tablesfor color, extractnew dimen-
sionsthatareindependentof eachother, andtransformthecounts
tableinto a tablethatusestheindependentdimensions(Figure6).

Theseindependentdimensionswouldthenbethebasisof distance
calculationsneededin the succeedingsteps. Using independent
dimensionsensuresthat the distancecalculationis not biasedby
groupsof high associatedcolumns. This argumentis similar to
performingPrincipalComponentAnalysisprior to ClusterAnal-
ysis to ensurethat the dimensionsareindependentof eachother
asrequiredby theEuclideanDistancecalculations[10]. Eachrow
in the output table (Figure6) canbe thoughtof asa point in p-
dimensionalspacede�ned by thep independentdimensions.

Often, the numberof analysisvariablesis large althoughsev-
eralmaybehighly associatedwith eachother. This suggeststhat
thenumberof independentdimensionsto keepin theoutputtable
(Figure6) canbereducedwhile still maintaininga high accuracy
for the distancecalculation. This DistanceStepmustalsodeter-
minehow many of theindependentdimensionsto keep.

Thisstepis themostimportantstepasit dictatestheaccuracy of
thedistancecalculationneededin theQuanti�cationandClassing
Steps. It is also the most memoryhungry and computationally
intensive stepasit involvestransformationsof theoriginal (large)
datasetsanddatareduction.

Figure4: CountsTable Figure5: Row PercentageTa-
bleShowing Row Pro�les

Step 2: Quanti�cation Step – Givena tablewith rows rep-
resentingthevaluesof thetargetvariableandcolumnsrepresent-
ing independentdimensionsextractedfrom theanalysisvariables
(Figure 6), this stepusesthe distanceinformation to assignor-
der andspacingto the valuesof target variable. The output is a
nominal-to-numericmapping(Figure7). Thegoalof this stepis
to createthat mappingin a way that is distance-preservingand
association-preserving.

Figure 6: TransformedTable
with IndependentDimensions

Figure 7: Nominal-to-
NumericMapping

Step 3: Classing Step – Thisstepusesthedistanceinforma-
tion derivedin theDistanceStepto determinewhichvaluesof the
target variablearesimilar to eachotherandthuscanbe grouped
togetherwith minimal lossof information. Ideally, the output is
a hierarchicalclassingtreeshowing which valuescanbegrouped



Figure8: ClassingTreewith InformationLossMeasure

togethersuccessively andtheamountof informationlostwith each
grouping(Figure8).

NotethattheQuanti�cationandClassingstepsmayor maynot
be dependentof eachother, assuggestedby the dashedline be-
tweenthemin Figure3.

TheDQC approachhasseveraladvantages.First, it is general-
purpose.It providesa pre-processingapproachthat is usefulnot
only for visualizationpurposesbut alsofor othertechniquesthat
cannothandlehigh-cardinalitynominalvariables(e.g.,clustering
algorithms,associationrules) or can only handlenumericvari-
ables.Second,it providesa hierarchicalclassingtreewhich gives
usersthe �e xibility to decidehow many value-groupsto usein
visualdisplays,dependingon their speci�c analysisgoals.Third,
thisapproachenablesmultivariatequanti�cationandclassing(i.e.,
determiningthedistancebetweenthevaluesbasedontheirpro�les
acrossseveral othervariables)whichwebelieveprovidesmorero-
bustresults.

4 Distance Step

A well-known family of techniquesfrom Statisticssuitablefor
the DistanceStep is the CorrespondenceAnalysis (CA) family
[8, 17, 18]. Its simplestversion,calledSimpleCorrespondence
Analysis(SCA), is designedto analyzethe relationshipof two
nominal variables. SCA takes as input a 2-way counts table
(Figure 4). The rows of the countstable can be thoughtof as
datapointsin a p-dimensionalcoordinatespacede�ned by the p
columns. As such,thereis a distancebetweentwo datapoints.
CA aims to eliminate the dependenciesamongthe columnsby
extractinga reducedsetof new columnsthat are independentof
eachother, while still preservingall or most of the information
aboutthedifferencesbetweentherows. Figure6 shows anexam-
ple outputfrom CA. CA is similar to PrincipalComponentAnal-
ysis(PCA) exceptthatCA is for nominalvariableswhile PCA is
for numericvariables.JustlikePCA,eachsuccessive independent
dimension(called a principal axis) explains lessand lessof the
overall information.

In its generalform, CA cananalyzetwo-way andn-way tables
that containsomemeasureof correspondencebetweenthe rows
andcolumns(not just counts).In this DistanceStep,onecanuse
any versionof CorrespondenceAnalysis,aslongasit cananalyze
the relationshipof morethantwo variablesandit canprovide as
outputthecoordinatesof thetop independentdimensions(princi-
palaxes)for eachvalueof thetargetnominalvariable(asin Figure
6). In thefollowing subsections,we describetwo versionsof CA
suitablefor theDistanceStep.

Figure9: ExampleMCA Input Table(Burt Table)

Figure10: ExampleFCA InputTable

4.1 Multiple Correspondence Anal ysis

Multiple CorrespondenceAnalysis(MCA) extendsSimpleCorre-
spondenceAnalysisto analyzemorethantwo nominalvariables
[8, 17, 18]. To performMCA, we createa Burt Table(Figure9)
andusethatasinput to SCA. If a countstableis a crossbetween
two nominalvariables,a Burt Tableis a crossof all variablesby
all variables.If V is the total numberof uniquevaluesacrossall
variables,thenthesizeof theBurt Tableis V*V.

Givenanominalvariable,MCA canbeusedtodeterminewhich
valuesaresimilarto eachotherby comparingvaluepro�les across
all othernominalvariables. In MCA, this analysisis simultane-
ouslydonefor all nominalvariablesin theBurt Table.Thissimul-
taneousnaturemakesMCA ef�cient but memory-intensive. When
thenumberof nominalvariablesto analyzeis largeandsomehave
high cardinality, MCA could run out of memory, dependingon
how it is implemented.

Thecoordinatesof the�rst principalaxisfrom MCA follow an
optimal scalingproperty[8]. This meansthat suchcoordinates
representa quanti�cation of all nominal valuesin all variables.
Note,however, thatthisquanti�cationis sub-optimalwhenthetar-
getvariablehasa perfect1-to-many or many-to-many association
with anothervariable,asweshow in Section7.

4.2 Focused Correspondence Anal ysis

Due to the memory-intensive natureof MCA, we now propose
an alternative solution, which we call FocusedCorrespondence
Analysis(FCA), aimedat processinga large numberof nominal
variables,somepossiblyhaving high cardinality.

Recall that MCA simultaneouslyanalyzesall variables. That
is, for a given variable, it builds row pro�les using information
from all othervariables.This simultaneousanalysisis ef�cient in
termsof processingtime becausecertaincalculationscanbe re-
used,thoughwastefulin memory. Unlike MCA, FCA analyzes
onevariableat a time,makingFCA lesscomputationallyef�cient
comparedto MCA. Thememorysavingsin FCA comesfrom the
following key idea: insteadof comparingvalue pro�les across
all othernominalvariables,we just comparevaluepro�les across
thesetof nominalvariablesmostassociated(i.e.,correlated)with
thetargetvariable.For example,to analyzeonenominalvariable
coloragainstits mostassociatedvariables,sayqualityandsize,we
usea reducedtablesuchasFigure10 asinput to SCA. This table
is aconcatenationof countstablesof color*qualityandcolor*size.

We now discusswhy sucha tablewould be a valid input for
SCA. In Section4, we mentionedthat the basicversionof SCA
usesa countstableasinput. In Section4.1,we indicatedthatwe
canperformMCA by usinga Burt Tableasinput to SCA. In gen-



eral,SCA canuseasinput any tablethathasthe following prop-
erties[7]: (1) the tablemustusethesamephysicalunitsor mea-
surements,and(2) the valuesin the tablemustbe non-negative.
If theinput tabledoesnot meettheseassumptions,thetablemust
be transformedbeforeperformingSCA. The table in Figure 10
follows theseproperties.

The following pre-processingstepsare neededfor FCA: (1)
Measurethepairwiseassociationbetweennominalvariables,and
(2) Determinethetopk associatedvariablesfor eachnominalvari-
able.Thesestepsareexplainedin detailbelow.

4.2.1 Measure the pairwise association between nom-
inal variab les

Giventhecountstableof two nominalvariables,wecanstatehow
closelyrelatedthevariablesarewith eachotherusingmeasuresof
nominalassociation[1]. Thesemeasuresareanalogousto mea-
suresof correlationbetweennumericvariables.Severalmeasures
of nominalassociationexist. Thechoicedependson factorssuch
asthesizeandshapeof thecontingency tableandthepresenceof
low counts[1].

For our purpose,we wanta measureof associationthatis valid
for countstablesthat may be large,non-squareandmay contain
low cell counts– all propertiesof countstablesfrom high cardi-
nality variables.We alsowanta measureof associationthathasa
boundedrangeof values,soit is easyto comparetwo values.One
suchmeasureis theUncertaintyCoef�cient Asymmetricmeasure
U(R � C) [17]. U(R � C) gives the proportionof uncertaintyin the
row variableR thatcanbeexplainedby thecolumnvariableC. If
U(R � C) = 1, thevalueof therow variablecanbeknown precisely
giventhevalueof thecolumnvariable.

4.2.2 Determine the top k associated variab les for each
nominal variab le

For now, weselectsomek greaterthan2, dependingon themem-
ory spaceavailable. Sincetheremay be variablesthat areonly
weaklyassociatedwith othervariables,we cannotusea threshold
on themeasureof associationchosenin Section4.2.1.By select-
ing k to begreaterthan2,weensurethatweuseat leastoneanaly-
sisvariablefor ordering,spacingandclassingeachtargetvariable.

In summary, FCA hasits own strengthsandweaknesses.With
FCA, memoryusageis reducedand, in fact, controllable. Also,
we empiricallyshow in Section7 thatFCA providesbetterclass-
ing treescomparedto MCA for somedatasets. FCA however
needsalongerrun timecomparedto MCA. This is dueto theone-
at-a-timeanalysisaswell asthe needfor pre-processing.In the
context of visualizationtools, intelligently mappingnominalval-
uesto numbersis a pre-processingstepthat canbe run in batch
mode.Hence,therun time maynot beasimportantcomparedto
memoryspacein somesituations.

4.3 Number of Dimensions to Keep

The CA family of techniquesusesformsof decomposition(e.g.,
SingularValue Decomposition,Eigenvalue Analysis) to extract
the setof independentdimensions.By default, all forms of CA
will keepall independentdimensionscalculated[8] which, for
high dimensionalhigh cardinalitydatasets,requirea lot of space.
Theseindependentdimensionsareorderedby diminishingimpor-
tance. Part of the CA output is the setof eigenvalues(principal
inertia) that indicatethe importanceof eachindependentdimen-
sion.The�rst dimension,which is themostimportantdimension,

will havethehighesteigenvalue.Weplot theeigenvaluebydimen-
sion number(calleda ScreePlot) and�nd the 'elbow', thepoint
at which thechangein consecutive eigenvaluesis small. We keep
only the dimensionsup to the 'elbow'. This is a commontech-
niqueusedin FactorAnalysis[17]. This techniqueis independent
of theparticularversionof CA we usefor theDistanceStep.

5 Quanti�cation Step

Quanti�cationis theprocessof assigningorderandspacingto the
nominalvalues.For this step,we wanta techniquethat cantake
asinput the independentdimensionsfrom the DistanceStepand
produceanominal-to-numericmappingfor eachnominalvariable.

As mentionedin Section2, a populartechniqueusedfor quan-
ti�cation is basedon the theoryof Optimal Scaling[8]. Based
on OptimalScaling,we canusethecoordinatesfrom the�rst CA
independentdimensionas the quanti�ed versionof the nominal
values.Unfortunately, whena nominalvariableis perfectlyasso-
ciatedwith anothervariable(e.g.,one-to-many association:one
statehasmany zip codes,or many-to-many association:speci�c
productsareonly sold in speci�c regions),we have found in our
experimentsthatthis techniquefails (seeSection7).

Sincewe wantour techniqueto work without theneedfor do-
mainknowledge,we wantit to automaticallyhandlecasesof per-
fect associations.Hence,we proposean adjustmentto the Opti-
mal Scalingapproach:If the �rst n CA eigenvaluesare1.0, let

�������	��

��� ���������������������! where �������������������! is the coordinate
of the ith independentdimension.Elsesetthe scaleequalto the
coordinateof the �rst independentdimension. Scaleis the term
usedin Optimal Scalingfor the quanti�ed versionof a nominal
variable. In Section7, we show that this proposedadjustment
givesmoreeffective resultsfor caseswith perfectassociation.

By using independentdimensionsextractedvia CA to create
thequanti�ed versionsof nominalvalues,we have essentiallyde-
�ned theorderandspacingof two nominalvaluesto bea function
of the chi-squareddistancebetweenthem. Chi-squareddistance
is the distancefunction usedin CA [8]. Chi-squareddistanceis
the weightedEuclideanDistancebetweena row pro�le and the
average(or expected)row pro�le. Put differently, the quanti�ed
versionof a nominalvaluedependson how differentits pro�le is
from the averagepro�le. This implies that even if the nominal
variablehasan underlyingorder(i.e., even if it is actuallya dis-
cretizednumericvariable),thatorderis not likely to berecreated
in thequanti�ed version.

An alternative to our modi�ed optimal scalingis to usean al-
gorithm similar to Ankerst et.al.'s algorithm [2] for rearranging
dimensionsfor a visualization.We searchfor an orderingof the
rows of Figure6 thatminimizesthesumof thedistancesbetween
all pairsof adjacentrows. This de�nes the orderof the nominal
values.Thespacingbetweenvaluescanbede�ned usingthedis-
tancebetweentherow values.OurOptimalScalingquanti�cation
is fasterthanthisalgorithmbecauseOptimalScalingdirectlyuses
outputfrom CA at noextracost.

6 Classing Step

Classing(or intra-dimensionclustering)is theprocessof �nding
which valueswithin a nominalvariablearesimilar to eachother
andthuscanbegroupedtogether. For this step,we want a tech-
niquethatcantakeasinputa tablewith rowsrepresentingtheval-
uesof the target variableandcolumnsrepresentingindependent
dimensionsextractedfrom the analysisvariables,andproducea



Figure11: EvaluationDataSets

hierarchicalclassingtreeshowing valuegroupingsandtheamount
of informationlost with eachgrouping(shown in Figure8). One
methodfor solving this is to applya hierarchicalclusteringalgo-
rithm on the CA output table(Figure6), whereeachvalue(row
point) is weightedby its counts.

Classingis a datareductiontechnique.Justlike any datare-
ductiontechnique,classingresultsin lossof information. Hence,
in this step,we alsowant to show theamountof informationlost
whenever two valuesaregroupedtogether, anddisplaythisalong-
sidetheclassingtree. To approximatethelossof informationin-
curredin classingthe nominalvariableX, we follow four steps:
(1) DeterminethevariableV with thehighestassociationwith X.
(2) Createacontingency tablebetweenvariablesX andV. (3) Cal-
culatethetotal tablemeasureof association(e.g.,UncertaintyCo-
ef�cient). (4) Startingfrom the bottom of the classingtreeand
going all the way to the top, for every pair of nodesmergedto-
gether, calculatethe lossof informationincurred,de�ned by the
cumulative percentageloss of information �

��� ��� � �!� 
����	��


��
��

��� �	��� �����	�	���


��

��� � ����� ��������������� �


��

��� �	��� �����	�	� , where
A(t) is theassociationmeasurefor tablet. This informationloss
measurecanbe usedto decidethe reducednumberof classesto
use in the visualization[8]. One alternative measureof infor-
mationlossis theR-squaredmeasurethatcanbecalculatedwith
ClusterAnalysis[17].

7 Experimental Evaluation

In this section, we comparethe MCA-based implementation,
FCA-basedimplementationand the commonapproachof arbi-
traryquanti�cation(arbitraryorderinganduniformspacing)using
awiderangeof evaluationmeasures.Wefocusourevaluationson
theDistanceStep(MCA vs. FCA) becauseit is themostimportant
stepin the DQC approach.All implementationsandevaluations
weredonewithin XmdvTool [21].

7.1 Setup

We usedrealaswell assyntheticdatasets,aslistedin Figure11.
Therealdatasetsusedarepopularbenchmarkdatasetstakenfrom
[4]. We have usedonly the nominalvariablesfor mostof these
datasets. The NOTPERFsyntheticdatasethasthreevariables
(quality, color, size)andis intendedto simulatevarying degrees
of association.This is the datasetusedin all examplesgiven in
earliersections.ThePERFsyntheticdatasethasthreevariables
(region,countryandproductcode)andis intendedto simulateper-
fectassociations(1-to-many: region-country, many-to-many: spe-
ci�c setof productsareonly soldin speci�c countries).

Figure12: Total RunTime of EntireDQC Approach

7.2 Memor y Space and Processing Time

Themostmemory-intensive partof our implementationis theuse
of CA in the DistanceStep, so we only focus on the memory
neededthere.Ignoringany speci�c memoryoptimizationthatmay
beemployedby someCA implementations,in general,theMCA
input table(Figure9) requires

�

�!�#" ��� ��������������� ���%$���& while the
FCA input table(Figure10) requiresatmost " �(' ������������� � � �)$*
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����" ��� ��������� ����� ���%$+�," �(' ����������� ��� ���)$#� for eachnominal
variableto beprocessed.Theseformulasandtheexampletables
show thatMCA usesmorememorythanFCA.

Figure 12 shows the percentageof time the FCA-basedap-
proachruns longer than MCA-basedusing the formula ���-�.
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eachMCA bar, we show the actualnumberof secondsthat the
MCA-basedapproachran.SoalthoughthegapbetweenFCA and
MCA runtimesseemslarge,theactualrun timeof theFCA-based
approachis still fast.

7.3 Quality of Quanti�cation

Intuitively, a given quanti�cation is goodif (a) instancesthatare
closeto eachother in nominal spaceare also closetogetherin
quanti�ed space,and (b) if two variablesare highly associated
with eachother, we expecttheir quanti�ed versionsto alsohave
high correlationmeasure.

Greenacre[8] suggeststhe useof AverageSquaredCorrela-
tion to measurethe quality of a quanti�cation. Given the origi-
nal dataset,replaceeachnominalvariable 243 with its quanti�ed
version 5

3 (i.e. scale). For eachinstancei, calculate���������� 
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� for all variablesj. For eachquanti�ed variable
573 , calculatethe correlation of 573 and � ����� � for the entire
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theaveragesquaredcorrelation,thebetterthequanti�cation. In-
tuitively, if two variablesare highly associatedwith eachother,
we expecttheir quanti�ed versionsto alsohave a high correlation
measure.If all nominalvariablesarehighly associatedwith each
other, thenthescoreof eachobservation shouldbe highly corre-
latedwith eachindividualquanti�edvariable.Thisfurtherimplies
that if two observationsareclosetogetherin nominalspace,then
they wouldalsobeclosetogetherin quanti�edspace;sothescores
of theseobservationswould becloseto eachother.

Figure 13 shows the AverageSquaredCorrelationfor MCA-
based,FCA-basedandarbitraryquanti�cations.It showsthatboth
CA-basedquanti�cationsarebetterthanarbitraryquanti�cation.
The �gure alsoveri�es the Optimal Scalingtheory, namely, that
the quanti�cation basedon the coordinatesof the �rst MCA ex-
tracteddimensionis optimal [8]. Figure14 shows how closethe
FCA scalesareto the MCA scales.This �gure usesboxplotsto



Figure13: AverageSquaredCorrelation

Figure14: CorrelationbetweenMCA ScalesandFCA Scales

show, for therealdatasets,thedistribution of thecorrelationbe-
tweenMCA andFCA scales.Theseboxplotsshow theminimum
andmaximumvaluesaswell asthe25th,50thand75thpercentile
valuesof eachsetof correlationvalues.Correlationvaluesclose
to 1.0meantheFCA scalescloselyagreewith theMCA scales.

7.4 Quality of Classing

Intuitively, classingA is betterthanclassingB if, givena classing
tree,therateof informationlosswith eachmerging is slower. One
wayof calculatinginformationlossis givenin Section6.

Figure15 comparestherateof informationlossof MCA com-
paredto FCA for onevariable. Eachline shows the cumulative
informationlossincurredateachmergingof nodes.Thelower the
line, theslower is theinformationloss,thebettertheclassing.The
gapbetweenthelines(thedifference�10
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� �#" � � ��� ��6�� � � �!� ) canbe calculatedfor all variables. Its
distribution hasbeensummarizedin Figure16. This plot shows
that the FCA-basedclassingis betterthanMCA-basedfor some
datasets.

Figure15: Information
Loss Due To Classing
For OneVariable

Figure16: Distributionof theDiffer-
encein MCA andFCA Information
Loss

Figure17: AutomobileData,MCA-BasedQuanti�cation

Figure18: AutomobileData,FCA-BasedQuanti�cation

7.5 Quality of Visual Displa y

Intuitively, quanti�cation A is betterthanquanti�cation B if the
visualdisplayresultingfrom A allows thedataanalystto con�rm
or discover (true) patternsin the datathat are otherwiseharder
or impossibleto learnusingB. Thequality of a visualdisplayis
moredif�cult to measureandquantify. Onealternative is to con-
duct userstudiesandhave subjectsanswerquestionsusingdata
setsfor which they havesomedomainknowledge.Exampleques-
tions might include: Basedon your domainknowledge,are the
valuesthatarepositionedclosetogetherfor themostpartsimilar
to eachother?Are thevaluesthatarepositionedfar from therest
of theothervaluesfor themostpartthatdifferent?Are therefewer
line crossings(lessclutter) becauseof theorderingandspacing?
Did youdiscoverany new patterns(e.g.,outliers,clusters,strength
of associationbetweentwo nominalvariables)?In general,which
quanti�cationdoyou feel is better(easierto understand,morebe-
lievableorderingandspacing)?

7.5.1 Automobile Data Set Case Stud y

We chosetheAutomobileDataSetbecauseit is easyto interpret.
Thevariablesweanalyzedaremake,fuel type,aspiration,number
of doors,bodytype,wheels,enginelocation,enginetype,number
of cylindersandfuel system.

Figures17,18and19displaythequanti�edversionsof selected
variablesin a Parallel Coordinatesdisplay. In Parallel Coordi-
nates,eachverticalline representsonevariable,andeachpolyline
cuttingacrosstheverticalaxesrepresentsoneinstancein thedata
set. Parallel Coordinatesis one type of displaythat requiresor-
deringandspacingof valuesandit candisplayseveral variables
compactly. In these�gures, we have orderedthe variablessuch
thattheverticalaxesof highly associatedvariablesarepositioned
next to eachotherfor easierinterpretation.



Figure19: AutomobileData,Arbitrary Quanti�cation

Figure20: PerfectAssociationData,FCA-BasedQuanti�cation

The MCA-baseddisplay (Figure17) and the FCA-baseddis-
play (Figure18) presentalternative notionsof similarity among
the values. Someresultsaresimilar (Peugot/Mercedesareposi-
tioned away from Honda/Mazda),someare different (the spac-
ing betweenConvertible/Hardtop/HatchbackandSedan/Wagon).
But bothMCA andFCA displayscon�rm ourdomainknowledge.
Whichis betterdependsontheuser'spreference.Also,bothMCA
andFCA-baseddisplayshave fewer line crossingsthantheArbi-
trary Quanti�cationdisplay(Figure19).

7.5.2 PERF Data Set Case Stud y

Figures20 and21 displaythequanti�ed versionsof thevariables
in the PERFData Set. Recall that the region-countrypair has
a 1-to-many associationwhile the country-productcodepair has
a many-to-many association.Theseperfectassociationsare re-
vealedin all CA-basedquanti�cationsbut arehiddenin thearbi-
trary quanti�cation.

Figure21: PerfectAssociationData,Arbitrary Quanti�cation

8 Conc lusions

In this paper, we proposedthe Distance-Quanti�cation-Classing
(DQC) approachwhich enablesthe explorationof datasetscon-
tainingnominalvariablesusingvisualizationtools thathave been
designedexclusively for numeric variables. To make the ap-
proachaccessibleto dataanalysts,we implementedit in Xmdv-
Tool,apublic-domainmultivariatedatavisualizationpackage.For
our implementation,we usedMultiple CorrespondenceAnalysis
(MCA) andourown FocusedCorrespondenceAnalysis(FCA) for
theDistanceStep,a modi�cation of theOptimalScalingformula
for the Quanti�cation Step,and HierarchicalClusteringfor the
ClassingStep. We evaluatedour approachin termsof memory
spacerequirement,run time, quality of quanti�cation, quality of
classing,and quality of visual display. MCA-basedand FCA-
basedquanti�cations are clearly better than the commonprac-
tice of arbitraryquanti�cation. In termsof thequality of classing
andquanti�cation, MCA seemsto performbetterthanFCA but
in termsof thequality of thevisualdisplays,which oneis better
dependson theeye of thebeholder. Whenmemoryspaceis lim-
ited, FCA providesa viable alternative to MCA for the Distance
Step.Theadjustmentmadeto thequanti�cationfunctionto make
it work for variableswith perfectassociationimprovesuponthe
existingtechniqueof takingonly thecoordinatesof thetopCA di-
mension.Producingclassingtreesfurtherallows usersto reduce
thedatafor displaysrequiringlow cardinalitynominalvariables.

The DQC approachis a general-purposepre-processingstep
which canalsobeusedfor othertechniquesthat requirelow car-
dinality nominal variablesas input (e.g., suchas clusteringal-
gorithms,associationrules,neuralnetworks),or requirenumeric
variablesasinput (e.g.,regression).Possiblefuturework includes
allowing theuserto interactively modify theordering,spacingand
classingof thenominalvalues,conductingformalevaluations,and
experimentingwith otheralternativesfor eachstep.
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