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Abstract

In the text documentvisualizationcommunity statisticalanaly-
sistools(e.g.,principalcomponenganalysisandmultidimensional
scaling)and neurocomputatiomodels(e.g., self-oganizingfea-
ture maps)have beenwidely usedfor dimensionalityreduction.
oftenthe resultingdimensionalityis setto two, asthis facilitates
plotting the results. The validity and effectivenessof theseap-
proachedargely dependon the speci ¢ datasetsusedand se-
manticsof the targetedapplications.To date,therehasbeenlittle
evaluationto assessndcomparedimensionalityreductionmeth-
odsanddimensionalityreductionprocesseithernumericallyor
empirically The focusof this paperis to proposea mechanism
for comparingandevaluatingthe effectivenessof dimensionality
reductiontechniquesn the visual exploration of text document
archives. We usemultivariatevisualizationtechniqguesaandinter
active visual explorationto studythreeproblems: (a) Which di-
mensionalityreductiontechniquebestpreserestheinterrelation-
shipswithin a setof text documents(b) Whatis the sensitvity of
the resultsto the numberof outputdimensionsyc) Canwe auto-
maticallyremove redundanbr unimportantvordsfrom thevector
extractedfrom the documentswhile still preservingthe majority
of information,andthus malke dimensionalityreductionmore ef-
cient. To studyeachproblem,we generatesupplementatiimen-
sionsbasedon several dimensionalityreductionalgorithmsand
parametergontrolling thesealgorithms. We then visually ana-
lyze and explore the characteristicof the reduceddimensional
spacesasimplementedwithin a multi-dimensionalisual explo-
ration tool, XmdvTool. We comparethe derived dimensionsto
featuresknown to be presentin the original data. Quantitatve
measuregrealsousedin identifying the quality of resultsusing
differentnumbersf outputdimensions.

Keywords: Dimension reduction, multidimensionalscaling
(MDS), self-oganizingmaps(SOM), text visualization.

1 Introduction

With the rapid growth of the Internet, wirelesscommunication,
multimediahomeand of ce seners, virtually everyoneis faced
with hugeamountof information coming from digital libraries,
websitesand other sourceq14, 27]. Much of this information
comesn the form of unstructuredext. We simply cannotreador
skim this informationin atraditionalway. To anever increasing
extentwe dependdnanalysisandvisualizationtoolsto getinsight
into thosedocuments.

The curseof dimensionalityandthe emptyspacephenomenon
areunavoidablechallengesn the text visualizationandinforma-
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tion retrieval communities.Text documentsareoften represented
by a vector of word countsin a vectorspacemodel of docu-
ments,wherethe dimensionalitycould be over 10,000. On the
onehand the samplesizeneededo estimatea functionof several
variablesto a given degreeof accurag (i.e., to geta reasonably
low-varianceestimate)grows exponentially with the numberof
variables.On the otherhand,the high-dimensionaspacesrein-
herentlysparseFor example awordthatappearén onedocument
over 100timesmaynotappeaiin ary of theotherdocumentsAn
exampleis Figurel. Hereonly thetop 228wordsareusedto visu-
alizeadocumentollectionwith 98 recordsalthoughover 10,000
uniquewordsarevery commonfor even small documentcollec-

tions.
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Figure1: Parallel coordinateslisplayshaving countsfor the top
228 wordsin a collection of documents.Clearly little structure
canbeseen.

To overcometheseproblemsintrinsic in text visualizationand
classi cation,a widely usedmethodis dimensionreduction.The
mainideabehindthesetechniquess to mapeachtext document
into alower dimensionakpacehatexplicitly takesthe dependen-
ciesbetweenthe termsinto account. The associationpresentin
the lower dimensionafepresentationanthenbe usedto perform
visualizationclassi cationandcateyorizationmoreef ciently .

While the reasonsfor performing dimensionreduction are
clear it is not without problems.Openissuesncludel5, 6]:

Unknawn intrinsic dimension.We have no effective way to
nd the minimumnumberof dimensionssufcient to repre-
sentthedata.

Non-linearrelationshipsamongdata. Underlying relation-
shipsamongthe variablesmaybe very complicated.

Unknawn relevanceof information. The casewheredimen-
sion reductionis performedwithout loosinginformationis
ideal. Very often however dimensionreductionwill not be
possiblewithout a certainamountof loss.

Dueto the comple natureof thedimensionreductionprocess,
thereis no singlemethodto dealwith all situations.Thus,alarge



numberof dimensionreductionapproachesave beendeveloped
andtestedin differentapplicationdomainsandresearctcommu-
nities. Thesedimensionreductiontechniquescan be classi ed
into threecateyories. Onerefersto the setof techniqueghattake
adwantageof class-membershimformationwhile computingthe
lower dimensionakpace.Examplesof suchtechniquesncludea
variety of featureselectionschemeshatreducethe dimensional-
ity by selectingasubsebf theoriginalfeatureg43], andtechniques
thatderive new featuresby clusteringtheterms[1, 34, 33]. These
dimensionreductiontechniquesim to minimize theinformation
loss comparedto the original dataor to maintainthe similarity
distancefoundin the dataset. The secondclassof dimensionre-
ductiontechniquesarecomputationaklgorithmsbasedon statis-
tical analysis.principal componengnalysis(PCA), MDS andla-
tentsemantidndexing (LSI) belongto this catgory of dimension
reductiontechniques. They are appropriateto usein situations
whentherelationshipamongthedimensionsarelinear[9, 7, 19].
Thethird typeof dimensiorreductiontechniques self-oiganizing
maps(SOMs)thatusea neurocomputationapproach.

It is widely acceptedhatthereis no preciseevaluationmethod
for a certaindimensionreductiontechniqueeven thougha large
numberof algorithmshave beendeveloped. This paperattempts
to addresshis problem.We try to evaluateseveral dimensionre-
ductiontechniquesothvisually andstatisticallywhenappliedto
unstructuredext documentsln addition,we exploretheeffective-
nessand computationaload of thesedimensionreductiontech-
niguesin termsof the numberof distinctinput dimensionsused
for thedimensionalityreduction.

The remainderof this paperis organizedas follows: Section
2 presentgdimensionreductiontechniquedor text visualization
andinformationretrieval. Section3 describesow we usexXmd-
vTool [28, 29] to visually explore the effectivenessof someof
thesedimensionreductionmethodsvhenappliedto unstructured
text documents. Thesedimensionreductiontechniquesare also
evaluatedin termsof classclusteringandstatisticalanalysis.Sec-
tion 4 describeselatedwork on dimensionreductionin different
areasSection5 summarizesurwork andpresentpossiblefuture
research.

2 Description of existing dimension re-
duction methods

We de ne dimensionreductionas ary operationthat mapshigh
dimensionatatainto alowerdimensionakpacewhile attempting
to presere characteristicandrelationshipsn the raw data. We
now review thedimensiorreductiontechniquesisedin this paper

2.1 Principal component analysis

Principal componentanalysisis a widely usedtechniquefor di-
mensionreduction[9, 19, 7, 18]. Givenan x  document-
term matrix (the numberof documentsaandtermsare and
respectiely), PCA usesthe -leadingeigervectorsof the x
covariancematrix asthe axes of the lower -dimensionalspace.
Theseleadingeigevectorscorrespondo linear combinationsof
the original variablesthat accountfor the largestamountof term
variability. Onedisadwantageof PCA is thatit hashigh memory
and computationakequirements.It requires memoryfor
the densecovariancematrix, and for nding the lead-
ing eigervectors.Theserequirementgouldbe unacceptablyigh
whenthe numberof documents is very large, for example,
tensof thousands.

Theeffectivenesof PCAin empiricalstudieds oftenattributed
to reductionof noise,redundang, andambiguity[10]. Theterms
of atext documentaretypically notindependent.The noiseand
redundang could shav in the term-matrixtext data. This could
leadto theconclusiornthatPCA s suitablefor text documentlata,
but the resultingdimensiondack semantianeaning.

2.2 Multidimensional scaling

MultidimensionalScaling (MDS) is a setof mathematicatech-
niguesthatenablearesearcheto uncover hiddenstructurdan data.
Possibleapplicationsinclude psychology sociology economy
educationalesearctandtext documentwisualization[7, 5, 2].
Supposeve have a setof objects(e.g.,a numberof text doc-
uments)and that a measureof the similarity betweenobjectsis
known. This measurecalledproximity, indicateshow similar or
how dissimilartwo objectsare or are percevedto be. It canbe
obtainedn differentways,e.g.,by computingthe correlationco-
efcient or Euclideandistancefrom the vector representatiomf
thetext documentsWhatMDS doesis to mapto alower dimen-
sionalspaceén which eachobjectis representetly a pointandthe
distanceshetweenpoints resemblethe original similarity infor-
mation; i.e., the larger the dissimilarity betweentwo objects,the
fartherapartthey shouldbein the lower dimensionakpace.This
geometricaton gurationof pointsre ectsthehiddenstructureof
thedataandmayhelpto male it easierto understand.

2.3 Self-or ganizing maps

Self-oganizingmapySOM)is aneurocomputationalgorithmto
map high-dimensionabatato a lower (typical two) dimensional
spacethrough a competitve and unsupervisedearning process
[21, 22]. This algorithmis frequentlyusedto visualizeandinter
pretlargehigh-dimensionatlatasets.It hasalsobeenemplo/edto
visualizevery large unstructuredext documentrchives[24, 16].

Self-olganizing mapstake a set of objects(e.qg., text docu-
ments),eachobjectrepresentedby a vector of terms (keywords
from the original text), and then mapsthem onto the nodesof
a two-dimensionalgrid. The map is representednitially by a
matrix of nodes,whereeachnodeis representedby a codebook
vectorwith the samelength asthe input vectors. Fitting of the
modelvectorsis usuallycarriedout by a sequencef "bestmatch
and neighborhoodnodi cation” processes.For a speci ¢ input
vector a distancemeasurds usedto nd the bestmatchcode-
book that hasthe closestdistanceto the input vector Thenthe
neighborhoodcodebooksare modi ed basedon the input vector
andneighborhoodunction. Theseprocesseareiteratedover the
availableinputvectors.

2.4 Similarity-based dimension clustering

In XmdvTool [34, 33] we usean agglomeratie clusteringalgo-
rithm to createa dimensiorhierarchy Giventhe hierarchywe use
aradialspace- lling (RSF)techniquecalledinterRing[34, 33] to
provide interactive operationssuchasdimensionhierarchynavi-
gationandmodi cation.

Figure 2 shavs the clusteringactivities of the top seventy one
words extractedfrom a documentcollection. After calculating
the correlationcoefcients amongthe word vectors(in a term-
documenmmatrix, eachword wasrepresentetly a vectorof word
countsthatindicatethe numberof occurrencesn corresponding
documents)yve nd thatthe clusteringalgorithmgroups”study”



and"problems”, "discussed”and "methods”, "paper” and "pre-
sented”,andso on together InterRingprovides e xibility anda
rich assortmenof userinteractionssothatthe usercangainmore
understandingboutthe dimensionreductionprocessaanduseher
domainknowledgeto reoiganizethe clustersif desired.

Figure2: An agglomeratie clusteringof the top 71 words, dis-
playedwith InterRing

3 Visual exploration

In this section,the effectivenesof the dimensionreductiontech-
niguesincludingMDS, SOM andagglomeratie clusteringarevi-
sually evaluated. Thenthe computationcompleity of thesedi-
mensionreductiontechniquesare assessetbr differentnumbers
of inputdimensions.

First, the goal wasto visually assesshe viability of proposed
catgyoriesby exploring their multi-dimensionahatureandexam-
ining the capabilitiesof a dimensionreductiontechnigueto con-
struct the necessanydecisionboundariesthat separatethe cate-
goriesin thetext data.DirectinteractionsamongMDS, SOM and
agglomeratie clusteringhelpto enablethis task. Theinteresting
regionsin onedisplay canbe highlightedandthe corresponding
dataitemsin the derived dimensionspacecanbe examined. Al-
ternatively, samplesr regionsin thederiveddimensiorspacehat
aresuspectedf beingproblematicor exhibit clusteringcanbese-
lectedandthe datasamplesgiving rise to them canbe explored
via the otherdimensionspaces.This is an exampleof the useof
anestablishedxploratorytechniquecalledlinked brushing;what
is new hereis thatvisualizationof raw datapointsis coordinated
with thedimensionreductiontechniques.

The secondgoal of this paperwas to test how signi cant
changesanhappenwhenusingdifferentnumbersof inputterms
for thesedimensionreductiontechniques. All thesedimension
reductiontechniquesrecomputationallyintensize; andaresensi-
tive to thenumberof original dimensions.

The testdataon which we ran experimentsare from standard
testdocumentollectionsin the informationretrieval community
[30]: CRAN (1398documentbstract®nAeronauticfrom Cran-

eld Institute of Technology),CACM (3204 abstractf articles
in Communication®f ACM), MED (1033abstractsrom the Na-
tional Library of Medicine), TIME (546 documents)LISA (6004

text collections),and CISI (1460 abstractdrom the Institute of
Scienti ¢ Information). Eachof thesetext collectionsis broken
into a numberof separateles with aboutone hundredabstracts
or text collectionsfor eachle.

An availablepublic domaintool, Rainbav [25], wasemplo/ed
for text extraction. The text was tokenizedusing commontok-
enizationoptions:thewordsfrom the SMART stop-list(524com-
monwords)[4], suchas”the” and”of", areneglectedbeforetok-
enization;the Porterstemmingalgorithm[12] wasappliedfor all
words beforethey are counted. After tokenization,a document-
termmatrix wasacquiredandprocessedby the dimensionreduc-
tion algorithmsmentionedabove for analysis,visualization,and
comparatre study

3.1 Effectiveness study of MDS, SOM and Inter-
Ring

Thevariantof MDS we emplo/ed wasthe Shepard-Kruskadlgo-
rithm [7]. We usedthe principalcomponentsistheinitial con g-
uration. An optimizationprocesswvas carriedout until the stress
differencebetweentwo iterationswas lessthan 0.001. We also
computedSOMsconsistingof  x  (for adatasetconsistingof
6 clustersand98 dataitems)codebookvectors.Figure3 presents
theclusteringresultsbothin MDS andSOM spaces.

doc i NodeZ Node7 Node9 resul prese servi progr  mds0 mdsl  soml
11.67 0o .00 (1] 80.30 79.80 1249 G720 D0 n.0o 5.45

Figure 3: Reduceddimensionswith MDS and SOM derived di-
mensiongtop 228words). Thelastfour dimensionsaretwo MDS
derived dimensionsand two SOM derived dimensions. From
MDS derived dimensionspace(mds0, mds1), roughly two sub-
clusterscan be discerned,while in SOM space(som0, som1),
threeclustersarediscerned.

To facilitate studying sub-clusteringactiities in documents
from differentclassesye assigna numericallabel arbitrarily for
eachdocumentso that the differencesbetweenthe documents
from the sameclassare small while thosebetweendocuments
from differentclassesrelarge. This labelcorrespondso the rst
dimensionin our gures. In this papemwe focusonthedocuments
from the CACM collection,whichincludes32 distinctdocuments.
FromFigure3 we canconcludethatroughlytwo sub-clustersxist
for the CACM documents.

Uponfurtherinvestigationwecan nd differencesn thecluster
resultsin MDS andSOM spacesFigure4 shavs mutualcluster
ing actiities amongword clusters(nodes),singlewordsandde-
rived dimensionsof MDS and SOM. The discretizationand the



rigidity of MDS's outputspaceareclearlyvisibleif onecompares
themwith outputmapsgivenby SOM's outputspaceln addition,

the clusteringactiities are betterin word cluster(nodes)space
thansingleword space.

Mosttext documentisualizationsystemsnly usethe rst two
principal componentssthe lower dimensionakpace.lt is good
for visualizationmplementatiorbecausaterrainsurfaceis acon-
venientmetaphotto corvey informationhiddenin thetext collec-
tion. However, the lossof informationis often signi cant in this
case.Figure5 plots the logarithmof the principal valuesfor the
datasetmentionedabore. All but oneprincipalvaluearepositive,
albeitthe rst 5 principalvaluesaremuchbiggerthanthe others.

Figure5: Principalvalues. The rst 98 eigervaluesare positive,
thoughonly the rst 5 aremuchbiggerthantherest.

Ontheotherhand,SOM canalsoleadto informationloss. Fig-
ure 6 shaws the hierarchicaldocumentclusteringin the derived
dimensionspace,which includesword clusters(nodes),single
words, MDS and SOM derived dimensions.lt is not dif cult to

nd thatonly two documentlustersexist in SOM spacebut six
distinctclustersappeain otherdimensiorspacesThiscouldhap-
penwhenthereis only alimited numberof nodesn theSOMalgo-
rithm. A highernumberof nodesshouldhelpagainsthe negative
effect of thediscretizatiorof SOM's outputspace.

Figure 6: Degeneratgproblemsof SOM. Only two clustersexist
in SOM derived spacewhile roughly six clustersarediscernable
in theotherdimensiorspaces.

This inspiredusto investigatehesedimensionreductionalgo-
rithmsin moredepth.For MDS, ratherthanreduceto two dimen-
sions,wereduceo 3,4, 5 andmoredimensions Secondye com-
bine theseMDS dimensionswith derived dimensiondrom SOM
and agglomeratie clustering(word clustersand single words).
We expectto detectmoredetailsthatexist in the spacede ned by
the original documentcollections. Figure 7 is a view of parallel
coordinatesvhenwe applythe MDS algorithmwith four derived
dimensiongo the samedatasetmentionedabore. We nd that

ve clustersexist in the derived dimensionspace(mdsOthrough
mds3).

Figure7: Text documentsvith four MDS deriveddimensionsand
two SOM derived dimensions.Five clusterscanbe foundin the
MDS deriveddimensionspace.

3.2 Computation exploration for MDS and SOM

Text mining, visualizationandanalysisareprocessethatoftenre-
quireashortresponsd¢ime. Thatmeanghatwhena userspeci es
thedocumentollectionneededor analysisthesystemshouldbe
ableto processanalyzeandpresent visualinterpretatiorfor the
documentcollectionin a shorttime span. The challengeis that
all thedimensiorreductiontechniquesliscussedn this paperare
time consuming. The computationatompl&ity dependon the
numberof datarecordsandthenumberof dimensionghatareused
for dimensiorreduction.Thereis generallyverylittle e xibility in
termsof the numberof datarecords(documentcollections)used
for computation. The alternatve option is to explore the com-
putationalcompleity andeffectivenesf thesealgorithmswhen
usingdifferentnumberf input dimensiondor dimensiorreduc-
tion.

We explored the computationalcompleity and effectiveness
for MDS andSOMwith differentinputdimensionsFor simplicity
only asubsebf thetopwords(terms)wasusedasinputin ourex-
perimentsn adocumentectorspacenodel. Wegeneratedesults
using71/228/1634vordsfor thedimensionreductionalgorithms.
Theclusteringactivities areshavn in Figure8. Theircomputation
time andstresdrom MDS areshavn in Tablel. We foundthatthe
clusteringactiities of text documentsvere not signi cantly im-
proved with anincreasedhumberof input dimensions.However,
signi cant differenceexistsin termsof computationatime when
computingwith differentnumbersof inputdimensions.



Figure4: Scattemlot matrix: reduceddimensionsvith MDS and SOM derived dimensions.Documentsare sparselyscatteredn MDS

derived spacewhile denselyclusteredn the otherspaces.

ExtracteddocumenData | Time (sec) | StresgMDS)
Top 71 keywords 300 0.281
Top 228 keywords 5000 0.247
Top 1634keywords 60000 0.217

Table1: Computatiortime, stres§rom MDS for documentata.

4 Related work

Themajorapproachefor dimensionalityreductionin thetext vi-
sualizationcommunitybelongto topologypreservingalgorithms,
which include PCA, MDS and SOM. Topology preservingalgo-
rithmsaim to represenhigh dimensionadataspacesn alow di-
mensionakpacewhile preservingasmuchaspossiblethe struc-
ture of the datain the high dimensionaldata space. This is
achiered by mapping”points in one spaceto pointsin another

spacesuchthat nearbypoints mapto nearbypoints (and some-
timesin additionfaraway pointsmapto faraway points)”[11].

Galaxieq32, 31] visualizationdisplaysclustersanddocument
interrelatednesky reducinga high dimensionatepresentationf
documentdo a two dimensionalkcatterplot. The documentsare
clusteredn the high dimensionakpacethrougha metric of sim-
ilarity suchas Euclideandistanceor cosinemeasures.Thenthe
documentsare projectedto a 2D spacethat re ects document
clusterswith clustercentroids. In ThemeScap¢31] two differ-
entdimensionreductiontechniquesvereapplied. For smalldoc-
umentsets(up to 1.5k), the Shepardnultidimensionakcalingal-
gorithm was used,while for large documentsets,an Anchored
LeastStressalgorithmwasdeveloped.The groundplanavasem-
ployed to projectthe documentsets,wherethe peaksrepresent
the large numberof documentclustersandthe valleys represent
thedistancedbetweerthesedocumentlustersasfoundin theraw
documensets.

A numberof papershave beenpublishedon the utilization of



self-oiganizingmapsfor interactie explorationof documentol-

lections[23, 24,26],i.e.,the WEBSOMproject[16, 15, 17]. Self-

organizingmapsare usedto representdocumentson a mapthat

providesaninsightful view of thedocumentollections.Thisview

visualizessimilarity relationsbetweerthe documents.The com-

plete WEBSOM methodinvolves a two-level SOM architecture
comprisedof a word cateyory mapanda documentmap. SOMs
wereusedto constructa word cateyory map. Usually interrelated
wordsthat have similar context appearcloseto eachotheron the

map.Thenthedocuments@reencodedy mappingtheir text onto

theword category map. Thedocumenmapis thenformedwith a

SOM algorithmusingthedocumentectorsin word cateyory map
space.

In [11], the useof self-oiganizingmapsfor clusteringand vi-
sualizationwas discussedn depth. A comparatie studyon the
quality andeffectivenesof SOMsand Sammonrs mappingwhen
applyingto classi cationandvisualizationwasreported.

A numberof otherdimensionreductionalgorithmshave been
reportedin other communities. The computationof dimensions
usingprincipalcomponenainalysighroughsingularvaluedecom-
position (SVD) is a popular approachfor numerical attributes.
In information retrieval, latent semanticindexing usesSVD to
projecttextual documentsepresentedsdocumentvectors.SVD
is shawvn to be the optimal solutionfor a probabilisticmodelfor
document/iwrd occurrencg10]. An adaptve dimensionreduc-
tion algorithmthat attemptsto avoid local minima was usedfor
clusteringhigh dimensionaldatain [9]. They claimedthatif the
datadistributionis far from Gaussianthedimensionselectedis-
ing PCA will deviate substantiallyfrom the optimal. A nonlin-
ear dimensionreductionmethodwith minimal loss of (mutual)
information containedin the original datawas proposedor text
classi cation[13]. In addition, dimensionreductionby random
mappingwasalsoreported26, 20].

5 Conclusion and future work

In this paper several existing dimensionreductiontechniques
wereexploredandevaluatedfor text documentsisualization.The
effectivenessand computationalcompleity of thesetechniques
werealsocomparedWe conclude:

The rst two principalcomponentshatareusedfor text doc-
umentvisualizationin mostsystemsftenleadto signi cant
informationloss. The 3rd and 4th and sometimeseven 5th
or morecomponentgould contributeto the accurateclassi-
cation andvisualizationof thetext documents.

The discretizationproblemof SOM is not avoidable. In-
creasinghegrid numbemayimprove this problemto some
degree howeverthecomputationoadcanbecomeainaccept-
able.

In assessinghe tradeof betweencomputationalload and
precisionfor MDS, we found that mary input dimensions
could be eliminatedandstill gooddimensionalityreduction
would begenerated.

Futureresearchwork couldinclude:

In additionto deriveddimensiondrom dimensionreduction
techniqguessuchasMDS and SOMs, the metricsthat were
usedto evaluatethe quality of dimensionreductionalgo-
rithms, suchas stressfrom MDS, could be usedasderived
dimensions. This makes it possibleto evaluatehov much
individual documentgsontrikutein termsof thetotal stress.

To overcome the discretization of SOMs, a relatively
new algorithm for performing topology preservingnon-
lineardimensiorreduction,CurvilinearComponentg\naly-
sis(CCA) [8, 6], couldbe exploredin suchsituationswhere
therearelarge numberof text documents.

Additional dimensionality reduction techniquesfound in
information retrieval and text classi cation, such as LSI
[10, 9], couldbeincorporatednto future studies.
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Figure8: Documentclustersin MDS and SOM spaceswith dif-

ferentnumbersof input dimensions.With the increasechumber
of input dimensionsthe clusteringactiities were not improved
signi cantly. (a), (b) and (c) representhe original and derived
dimensioncomputedusingthe top 71/228/1638vords. In MDS

derived spaceclustersin (a) and(b) aremorediscerniblethanin

(c), while in SOM derivedspacetherearethreeclusterdn (a) and
(c) but only oneclusterin (b).



